Abstract. Boundary value problems for singularly perturbed semilinear elliptic equations are considered. Special piecewise-uniform meshes are constructed which yield accurate numerical solutions irrespective of the value of the small parameter. Numerical methods composed of standard monotone nite di erence operators and these piecewise-uniform meshes are shown theoretically to be uniformly with respect to the singular perturbation parameter convergent. Numerical results are also presented, which indicate that in practice the method is rst order accurate.
former approach uses physical or mathematical knowledge about the problem to enhance the solution strategy. Such methods are widespread in the literature. These include tted nite di erence methods, nite element methods using special elements such as exponential elements, and methods which use a priori re ned or special meshes. Examples of these include methods for convection-di usion problems devised by the British Central Electricity Generating Board 11 , uid ow in aerodynamics 3 , semiconductor device physics 18, 4, 15, 14 and chemical reactions 24 . It is of theoretical and practical interest to consider numerical methods for such problems, which exhibit "-uniform convergence, that is, numerical methods for which there exists an N 0 , independent o f " , such that for all N N 0 , where N is the number of mesh elements, the error constant and rate of convergence in the maximum norm are independent o f " . T h us a n umerical method is said to be "-uniform of order p on the mesh N where u is the solution of the di erential equation, u N is the numerical approximation to u, C and p 0 are independent o f " and N.
Singularly perturbed boundary value problems for linear elliptic equations, which reduce for " = 0 to zero-order equations, were examined in 10, 19, 20, 21, 22 . For such problems "-uniform methods consisting of exponentially tted nite di erence operators on uniform meshes were thoroughly investigated and applied successfully to ordinary di erential equations in 2, 8 and to linear partial di erential equations in 10, 1 9 , 2 0 , 21 . In 6, 13 i t i s s h o wn that it is impossible to nd an exponentially tted nite di erence operator on a uniform rectangular mesh which yields an "-uniform numerical method for a certain class of one-dimensional semilinear di erential equations. In this paper "-uniform numerical methods are constructed for a class of semilinear problems, using classical nite di erence operators on special piecewise-uniform meshes. Thus "-uniform methods can be constructed on special piecewise uniform meshes even if it is not possible on uniform meshes. An added advantage of standard di erence methods on a priori re ned meshes over exponentially tted methods arises from the non-linear nature of the di erence schemes. These must be solved using an iterative technique. In the case of exponentially tted methods, such as those in 2 , assembly of the iteration matrix involves the evaluation of exponential or related hyperbolic functions in each iteration, since the tting factor depends on the solution. Re ned mesh methods such as those described here do not su er from this disadvantage.
In x2 the continuous problem is formulated and bounds on the derivatives of the solution are given. In x3, a nonlinear nite di erence method is constructed which i s " -uniform. In x4 this method is linearized by means of continuation, and it is shown that the resulting linear nite di erence method is still "-uniform. Finally, i n x 5, numerical results are presented which support these theoretical results and show that in practice the methods are "-uniform and are rst order accurate. 2 C`+ @ ; r; s = 1 ; :::; n;` 2; 0 Then u 2 C`+ see 9 .
We are now in a position to state the following bounds on ux and its derivatives: 2.14 where m 3 m 1 and dx is the distance from x to @ . With the change of variables = x; r = " , 1 x r ; r = 1 ; :::; n; 2.14 leads to
whered is the distance from to @~ , and~ = is a region of diameter O1=". This theorem shows that in principle the problem is solved. In practice, however we are still faced with the problem of solving a nonlinear system of algebraic equations. This is dealt with in the next section. The following boundary and initial conditions are imposed x; t = x ; x; t 2 @G 0;N @G d;N ; x; t = 0 x ; x; t 2 @G ;0 N ; where 0 x is a bounded function and, in general, 6 = 0 .
The nite di erence method 4.1 is implicit. At each time level, the function u N x; t is the solution of a discrete linear boundary value problem. Note that the operator " 2 L h 2 + "L h 1 , pD + t is monotone on the mesh G N for any distribution of the mesh points in ! t . To i n v estigate the convergence of this method, note that the error function wx; t = u N x; t , ux; x; t 2 G N is the solution of the discrete problem L h t ĝ u x; u 0 ; u ; P x; t; u o x; t; u x w x; t = F h 1 x; u; x; t 2 G N ; jĝ u x; u o x; t; u x j M; x; t 2 G N :
The mesh ! t is chosen to be uniform. Then j = h t for all j. The parameter p is chosen su ciently large or the time step h t is chosen su ciently small so that Px; t; u o x; t; u x = p , h tĝu x; u o x; t; u x p 0 0; x; t 2 G N :
Using a maximum principle, the following error estimate is obtained from 4. The problem is solved on a sequence of meshes, with N = 8 ; 16; 32; 64; 128; 256; 512; 1024 and for " = 2 , n ; n = 1 ; 2 ; j red , where j red is chosen so that " is a value at which the rate of convergence stabilizes, which normally occurs when, to machine accuracy, w e are solving the reduced problem. We should also remark that, as shown in 7, pp. 124-127 , there are multiple solutions to this problem for the boundary conditions, u0 = 1 ; u 1 = 1. The stable solution has boundary layers at both end-points and, for su ciently small ", approaches the reduced solution ux 0 in the interior. On the other hand, it is clear that ux 1 is also a solution, in this case an unstable one. We remark that for all the initial guesses discussed above, the numerical solutions converge to the stable solution, and furthermore the computed rate of "-uniform convergence obtained is the same. With the initial guess u init = 1 however, it converges to the unstable solution after one iteration as would be expected. On the other hand, it is of some interest, that for initial guesses as close to 1 as u init = :98, the solutions converge to the stable solution, with essentially the same "-uniform rate as the above examples. The results for this case are given in Maximum errors EN and computed r ates of convergence pN
